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In this paper we present a simple, toy model of single field inflation in which the standard non-
Gaussianity consistency condition is violated. In this model the curvature perturbations on super-
horizon scales are not conserved and the decaying modes of perturbations are not negligible in the
non-atractor phase. As a result a large local non-Gaussianity can be obtained in the squeezed limit
which violates the standard non-Gaussianity consistency condition for the single field models.
Inflation has emerged as the leading theory for the
early universe and structure formation. There are many
inflationary models which are consistent with recent ob-
servations. One of the main tasks of observational cos-
mology is to constrain or rule out otherwise theoretically
consistent models, reducing the degeneracy of the mod-
els. Meanwhile, on the theoretical side, there is an on-
going attempt to categorize inflationary models and their
predictions so that specific observations can exclude a
class of models. One of the most promising classifica-
tions is single-field inflation models versus multi-field in-
flation models. Among various distinguishable observa-
tional predictions, the non-Gaussianity consistency rela-
tion appears to be one of the most interesting tests of
single-field models [1, 2], for a review see e.g. [3, 4]. It
relates the amplitude of non-Gaussianity to the spectral
index of the power spectrum in squeezed limit. That is,
in the limit k1 ≪ k2 = k3 one has
〈Rk1Rk2Rk3〉 ≃ (2π)
3δ3(
∑
i
ki) (1− ns)Pk1Pk3 , (1)
where R is the curvature perturbation on comoving sur-
faces, ns is the curvature perturbation power spectrum
spectral index given by
1− ns = 2ǫ+ η , (2)
and Pk is the spectrum of the comoving curvature per-
turbation. The slow-roll parameters ǫ and η are defined
by
ǫ = −
H˙
H2
, η =
ǫ˙
Hǫ
. (3)
The relation (1) has been proved explicitly by the effec-
tive field theory approach [5] and by a very simple, inde-
pendent approach [6]. Besides that some physical argu-
ments based on the fact that the curvature perturbation
is conserved on super horizon scales for single field infla-
tionary models also leads to the same result [2]. Here,
however, we will present a counter example for this the-
orem. In what follows, we explain the model, calculate
the amplitude of non-Gaussianity and discuss the physi-
cal reasons for the violation of the consistency relation.
Consider a canonically normalized scalar field, rolling
under a constant potential, V0. As usual, we assume that
the energy density is dominated by the potential. The
background evolution is given by
φ¨+ 3Hφ˙ = 0 , 3MPl
2H2 =
1
2
φ˙2 + V0 ≃ V0 . (4)
Thus we find φ˙ ∝ a−3, and the slow roll parameters are
given by
ǫ ∝ a−6 , η ≃ −6 . (5)
This model in the context of ultra slow-roll inflation was
originally studied in [7].
The second equality shows that the absolute value of η
is always large in this model since ǫ is rapidly decaying.
This behavior is the most important difference between
this model and other slow-roll inflationary models. We
will see soon that this leads to interesting effects on the
perturbations. In terms of the number of e-folds counted
backwards from the end of inflation, N ≃ H(te − t) ≥ 0,
one has
ǫ(N) ≃ ǫee
6N , (6)
where ǫe is the value of ǫ at the end of inflation t = te.
So far we assumed that the whole inflation is driven by
the constant potential V0. Obviously this picture has the
graceful exit problem and we should provide a mechanism
as how to terminate inflation. In order to overcome this
problem we will slightly modify this simple picture at the
end of this paper. We will argue that the main results
do not change by this modification.
As usual, the quadratic action for the curvature per-
turbation on comoving hyper-surfaces is given by
S =
1
2
∫
dτd3x z2
[
R′2 − (∇R)2
]
; z2 ≡ 2ǫa2MPl
2, (7)
where ′ = d/dτ and τ is the conformal time dτ = dt/a.
The equation of motion of the Fourier mode is
(
a2ǫR′
)′
+ k2a2ǫR = 0 . (8)
On super-horizon scales the solution is
R = C1 + C2
∫
dτ
a2ǫ
(9)
2in which C1 and C2 are constants of integration. In the
conventional cases when the attractor phase has been
reached, the term with C2 describes a decaying mode
which rapidly decays on super-horizon scales. However,
in our case in which the system is in the non-attractor
phase, ǫ ∝ a−6 so the would be decaying mode actually
dominates over the constant mode. This behavior is a
signal of the violation of the consistency relation. We
will see this violation by explicit calculations below.
Assuming the Minkowski vacuum deep inside the hori-
zon, the positive frequency mode function is given by
Rk = Ck(−kτ)
νH(1)ν (−kτ) ≃ −Ck
√
2
π
1 + ikτ
(−kτ)3
e−ikτ ,(10)
where
ν = (3 + η)/2 ≃ −
3
2
, |Ck|
2 =
π(−kτ∗)
1−2ν
8kǫ∗a2∗MPl
2 (11)
and the subscript ∗ indicates the values of the parame-
ters at an arbitrary reference time during inflation. As a
result the power spectrum is
PR ≡
k3
2π2
Pk ≃
H2
8π2MPl
2ǫe
=
H2
8π2MPl
2ǫk
e6Nk , (12)
where the subscript k denotes the values when the mode
crosses the horizon, a(tk) = kH . Note that, due to the
non-conservation of the curvature perturbation on super-
horizon scales, the curvature perturbation must be evalu-
ated at (or after) the end of inflation rather than the time
of horizon crossing. The spectral index is ns ≃ 4+2ν = 1,
so the spectrum is almost exactly scale invariant.
As for the bispectrum, we need the cubic action [1],
S3 =
∫
dtd3x
[
a3ǫ2RR˙2 + aǫ2R(∂R)2
−2aǫR˙(∂R)(∂χ) +
a3ǫ
2
η˙R2R˙+
ǫ
2a
(∂R)(∂χ)∂2χ
+
ǫ
4a
(∂2R)(∂χ)2 + 2f(R)
δL
δR
∣∣∣∣
1
]
, (13)
where
∂2χ = a2ǫR˙ ,
δL
δR
∣∣∣∣
1
= a
(
∂2χ˙+H∂2χ− ǫ∂2R
)
, (14)
and
f(R) =
η
4
R2 +
1
H
RR˙
+
1
4a2H2
[
−(∂R)(∂R) + ∂−2 (∂i∂j(∂iR∂jR))
]
+
1
2a2H
[
(∂R)(∂χ)− ∂−2 (∂i∂j(∂iR∂jχ))
]
.(15)
The last term in cubic action can be removed by a field re-
definitionR → Rn+f(Rn) [1]. For this model, after field
redefinition, all terms in the reduced action are at least
of O(ǫ2) and are negligible. However, f(R) contributes
to the three point function due to the field redefinition.
The dominant contributions from f(R) to the three point
function comes from the first two terms in Eq. (15). The
remaining terms in f(R) are suppressed on super-horizon
scales by the spatial derivatives. Note that in the con-
ventional analysis, such as in [1, 8, 9], the second term
in f(R) is also discarded since R˙ is conserved on super-
horizon scales. However, in our case, we should keep this
term since R is not conserved on super-horizon scales.
Taking into account just the first two terms in f(R),
we end up with a local type non-Gaussianity (ie, squeezed
limit k1 ≪ k2 = k3),
〈Rk1Rk2Rk3〉 ≃ (2π)
3δ3(
∑
i
ki)
12
5
fNLPk1Pk3 , (16)
with
3
5
fNL = −
3
4
(η + 4) =
3
2
. (17)
This apparently violates the consistency relation (1),
which would imply (3/5)fNL = η/4 = −3/2. As noted in
the above, this is due to the non-conservation of the co-
moving curvature perturbation on super-horizon scales.
An alternative approach to the field redefinition
method is to take into account the boundary terms that
arise from the second order time derivatives [10]. Then
we can set the terms proportional to δL/δR|1 to zero,
since they vanish after inserting the solution for the mode
function. Another equivalent approach is to use the pre-
liminary cubic action, before integrating by parts, in
which no higher derivative term exists. One can check
that both of these alternative approaches yield the same
value of fNL as given in Eq. (17).
It is worthwhile to mention a loophole in the previ-
ous work, which led to the consistency relation (1). For
example, by using the general action for inflation in ef-
fective field theory approach [5], it is assumed that H˙ is
nearly a constant whereas in our model it decays very
rapidly.
Now let us apply the δN formalism to obtain the same
results. Note that in general the number of e-folds N
is a function of phase space, N = N(φ, φ˙). In the con-
ventional case, however, the slow-roll approximation al-
lows us to neglect the dependence of N on φ˙ and assume
N = N(φ). On the contrary, in our case the conven-
tional slow-roll condition does not hold, η ≃ −6, so we
have to consider N as function of both φ and φ˙. Solving
the background equation of motion (4), we obtain
φ˙(t) = M2e−3Ht , (18)
where we assumed the sign of φ˙ to be positive without
loss of generality. Integrating this again, we obtain
φ(t) =
M2
3H
(
e−3Hte − e−3Ht
)
+ φe , (19)
where φe is the value of the scalar field at the end of
inflation, φe = φ(te).
3Combining (18) and (19), and eliminating the integral
constant M2, we obtain
φ(t)− φe =
φ˙
3H
(e−3N − 1) , (20)
Solving the above for N , we obtain
N(φ, φ˙) =
1
3
ln
[
φ˙
φ˙+ 3H(φ− φe)
]
. (21)
The δN formula is simply given by
δN = N(φ+ δφ, φ˙ + δφ˙)−N(φ, φ˙) . (22)
As for the fluctuations of the scalar field, one should
note that unlike the case of the conventional models in
which the constant mode dominates both the background
field and fluctuations, in the present case the scalar field
fluctuations are dominated by the constant mode (as we
shall see below), whereas both the constant and decaying
modes play essential roles in the background, as seen from
the solution (19). In fact, this is the reason why we
expressed δN as a function of both φ and φ˙.
Let us compute δN . According to the standard
method, we can quantize the scalar field fluctuations on
the flat slices, δφ, which is related to the redefined field
Rn as δφ = −(φ˙/H)Rn [1]. Since V and H are constant
to a very good accuracy, we can safely neglect the effec-
tive mass term. Hence the mode function is exactly the
same as the one for a minimally coupled massless scalar
on the fixed de Sitter background,
φk =
H
(2k)3/2
(1 + ikτ)e−ikτ . (23)
On super-horizon scales this can be decomposed into the
growing (= almost constant) mode and decaying mode,
φgk ∝ cos kτ + kτ sinkτ ≃ 1 ,
φdk ∝ kτ cos kτ − sinkτ ≃
1
3
(−kτ)3 . (24)
As a result the contributions of the decaying mode can be
neglected. Here it may be noted that the decaying mode
of δφ corresponds to the constant (conserved) mode of
Rn, in contrast to the conventional case.
Now we apply the above result to the δN formula up
to second order in φ and φ˙. Since δφ is constant to good
accuracy, we can neglect δφ˙ to obtain
δN ≃
∂N
∂φ
δφ+
1
2
∂2N
∂φ2
δφ2 = −
H
φ˙+ 3H(φ− φe)
δφ
+
3H2
2
(
φ˙+ 3H(φ− φe)
)2 δφ2 . (25)
We immediately find from this that fNL is given by
3
5
fNL = +
3
2
. (26)
This agrees with the result from the in-in formalism,
Eq. (17). This shows that in this model the non-
Gaussianity is generated after horizon-crossing, which we
could have anticipated because δφ is a free massless scalar
field on the de Sitter background in the limit ǫ→ 0. In-
terestingly, note that had we neglected the contributions
of the decaying mode at the background level and as-
sumed N = N(φ), we would have obtained fNL = −5/2!
As mentioned before the simple picture above suffers
from the graceful exit problem. In order to terminate
inflation suppose the potential is modified such that
V (φ) =
{
V0 for φ < φc
V2(φ) for φ > φc
(27)
in which V2(φ) supports a second phase of slow-roll in-
flation as in conventional models. For example V2(φ)
can take the form of a simple quadratic potential. The
value of φc can be fixed by requiring the continuity of the
potential, V2(φc) = V0. One then expects that the same
value of fNL as in Eq. (17) should be obtained here if the
modes relevant to CMB scales leave the horizon during
the first stage of inflation. This is a direct consequence of
the fact that the curvature perturbation on super-horizon
scales freezes out during the second phase of inflation and
there is no mechanism to change the power spectrum as
well as the non-Gaussianity during the second phase of
inflation.
For explicit calculations, note that the η parameter is
small at the end of the second phase of inflation, so the
previously relevant terms are negligible here. However,
during the transition from the first to the second infla-
tionary phase, the η parameter suddenly changes from a
large value to nearly zero. This transition can be mod-
eled by a step function η = η0 (1− θ(t− tc)) [11], where
η0 ≃ −6 is the η parameter at the first stage of inflation,
and tc is the transition time at which φ = φc. This step
function gives a delta function in η˙. Hence, the dominant
term in the cubic action (13) becomes
S3 ≃
∫
dt
a3ǫ
2
η˙R2R˙ ≃ −
[
a2ǫ
2
η0RR
′
]
c
. (28)
One obtains the same result as in (17), using this term,
as one should.
In conclusion, we presented a simple single-field model
of inflation in which the non-Gaussianity consistency re-
lation is violated. Apparently this was caused by the
non-conservation of the curvature perturbation on super-
horizon scales. Our result strongly indicates that the
violation of the consistency relation occurs generically
for models in which the would-be decaying mode of the
curvature perturbation is actually dominating on super-
horizon scales in the non-attractor phase. It is interest-
ing to see this is indeed the case and to see if there is a
more realistic model in which the violation may occur.
Research in this direction is under progress [12].
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